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2nite j, and improve that design for nite-j systems. We
identify the optimal two{mode spin{squeezed states for
use as an entanglement resource in Sec. II and determine
the delity of teleportation using this entanglement re-
source and the Bell measurements of Ref. [8] in Sec. III.
We determine the level of ES achieved by this teleporta-
tion scheme in Sec. IV and determine a modied interac-
tion that provides signicantly improved ES. In Sec. V we
identify a Bell state PVM, adapted from that of Sec. IV,
such that perfect QT and ES are obtained. Conclusions
are presented in Sec. VI.
II. TWO{MODE SPIN{SQUEEZED STATES
One of the three key criteria of QT listed in Sec. I is
a shared entanglement resource. In order to establish
suitable entangled states, we determine two{mode spin{
squeezed states via an optimization scheme and show
that these states are indeed entangled. We adapt the
KP two{mode spin{squeezed state (subject to a minor
transformation of variables equivalent to a permutation


















, for k 2 fx; y; zg. We use the
term \mode" to mean the degree of freedom correspond-
ing to each Hilbert space H
N
. Each of the two systems is
represented in the same j-irrep; consequently a basis set





















, with corresponding eigenvaluesm and n respec-












In order for the KP teleportation scheme to be eec-











quires a compromise with the squeezing condition (3) be-




as well, by analogy with the single{mode spin{squeezed
state counterpart [10, 11]. Restricting to states near the
highest{weight state of J
(+)
x
is equivalent to restricting to
states near the J
(k)
x
highest{weight states for the individ-
ual modes k = 1 and 2. This corresponds to working in
the Heisenberg{Weyl (HW) limit of SU(2) dynamics, i.e.
the dynamics are close to that of a harmonic oscillator
[12].
In order to obtain two{mode spin{squeezed states that
give high delity for the KP teleportation scheme, we










































and the value of  weights the relative importance of min-




The optimum value of  will be found numerically.
It is only possible to minimize  numerically, as it is
fourth order in the state coeÆcients 
mn
of Eq. (4). We
have performed this numerical minimization from ran-







i are equal to zero for the op-






i = 0 for

















i for the optimal
states.
When we make this replacement in Eq. (5), the op-
timization problem reduces to the minimization of the
expectation value of an operator. Using the method of
undetermined multipliers, this optimization can be per-
















j;i = j;i: (6)







, with the auxiliary con-




The value of  can take, in principle, values between
 2j and 8j
2
+ 2j. It does not actually reach these
bounds, however, because it is not possible to have spec-
tral extrema for all three terms on the left hand side
simultaneously. The actual bounds are only determined
numerically. The eigenstate corresponding to the mini-
mum eigenvalue  (i.e. closest to  2j) will be the op-
timal state. In our calculations we have found that this
eigenstate is unique, although it is not obvious that this
should be the case.
We have performed numerical minimizations of , us-
ing initial states found by solving the eigenvalue equation














i = 0 for the optimal states.
This optimization procedure is similar to the optimiza-
tion for the single{mode case considered by Srensen and
Mlmer [11]. They consider the problem of minimiz-




i. In their case
there is the additional complication that for half{odd in-
teger spin, hJ
x
i is not necessarily zero for the optimal
state, whereas we have conjectured and veried numeri-
cally that the means are zero in the two{mode case. This
complication arises in the single{mode case because J
x
has eigenvalues at 1=2 but not at zero. It is therefore
not possible for the variance of J
x
to be less than 1=4 if
the mean is still zero. The minimum uncertainty states












FIG. 1: Variances V

for optimal two{mode spin squeezed
states as a function of hJ
(+)
x
i. In order of decreasing heights,
the solid curves correspond to j = 1=2, 1, 3=2, 2, 3, 4, 5, and
10. The dashed line corresponds to (1) = 0.
where the variance is less than 1=4 must be asymmetric
with a mean near 1=2. On the other hand, for integer
spin, J
x
has an eigenvalue at zero, and the minimumun-
certainty state is symmetric and has zero mean, so the
square is the same as the variance. This is equivalent
to the result that we nd here, because the operators







eigenvalues from  2j to +2j, including 0 (regardless of
whether the spin j is integer or half-odd integer).
In Fig. 1 the results of optimization by the undeter-
mined multiplier technique are depicted as a graph of









vs the mean hJ
(+)
x
i. These results are nor-
malized by a factor of 2j, in order to better compare the
results for dierent j. As can be seen, in order to ob-
tain smaller V





possible to obtain a state that satises (3) perfectly, i.e.
V

= 0, at the expense of also having hJ
(+)
x
i = 0. This
state,













is maximally entangled and is equivalent to the entangle-
ment resource of Eq. (1) expressed for a two{mode spin
system.
Thus far the analysis has been focused on two{mode
spin squeezing, whereas the QT requirement is in fact
entanglement. The two{mode system is entangled if



















































. Note that this does not neces-
sarily hold in the case of a mixed state, as we may have
classical correlations. Thus, for unentangled pure states


















Hence (1)  0 for unentangled pure states, and (1) < 0
implies entanglement. It is also possible to generalize this
result to mixed states using the method of Duan et al.
[14].
The limit below which the states must be entangled,
(1) = 0, is depicted in Fig. 1 as a dashed line. Except
for the end points at hJ
(+)
x
i=2j = 0 or 1, all the results
are below this line, demonstrating entanglement. The
converse does not hold, however: entanglement does not
necessarily imply (1) < 0. For example, the maximally
entangled state (7) does not satisfy this inequality.
III. QUANTUM TELEPORTATION
In order to perform QT, one share, or mode, of the
entanglement resource will be mixed by Alice with the
unknown state j i 2 H
N
to be teleported in such a way
that Alice should learn nothing about the state to be
teleported yet obtains classical measurement results (a; b)
(via a Bell-type measurement) to share with Bob. Bob
receives the results of Alice's measurement via a classi-
cal channel. He then performs a unitary transformation
based on the result (a; b) on the second mode of the two{
mode entangled spin state. Bob's output state, desig-
nated j
a;b
i, should ideally be a replica of the unknown
input state j i.
The two modes of the entanglement resource are des-
ignated 1 and 2, and mode 3 is the state to be teleported.
Alice's measurement will take place jointly on modes 2
and 3, and Bob's approximate replica of the original state





. KP proposed the measurement corre-















that we have omitted 
 in the above expression; we will
omit the tensor product symbol from this point on for
the sake of brevity.
As mentioned in the previous section, we restrict to
entangled states near the maximally weighted J
x
eigen-
state for modes 1 and 2 (the entanglement resource).
Similarly we apply the same restriction to the state to
be teleported. By \near" we mean that the state has
signicant support on the states jjmi
x
only for m  j.
For this restriction, we can determine the approximate
eect of this unitary transformation using a contraction


























The limit we consider here is equivalent to the
SU(2)!HW(2) contraction, as considered in Ref. [12],
with m! j. The operators have the asymptotic forms
J
0




























































where the tildes indicate the transformed variables. Re-


































by a and b respectively. The two{mode squeezed state

















where the prime indicates the operator subsequent to the
measurement yielding result (a; b). Following this mea-
surement, Bob applies the unitary transformation







Using the HW(2) contraction, V (a; b) becomes
V (a; b)! V
HW







































FIG. 2: Fidelity F for teleportation of jjji
x
states (black
lines) and average delity F
av
over an ensemble of states near
jjji
x
(blue lines) as a function of j. The case where the nal
transformation is as in Eq. (20) is shown as the continuous
lines, and that using (25) is shown as the dashed lines. The
red line is the approximate maximum delity without entan-
glement.
























Therefore, the rotation V (a; b) approximately negates the
translations of a and b. This is equivalent to the rotations
considered by KP.
Fidelity (A3) is used to characterize the QT of indi-
vidual states. As discussed in Appendix A, we consider
delity averaged over the measurement results (a; b), with
weighting according to the probability of obtaining these
measurement results. This teleportation protocol is only
accurate for input states near the highest{weight eigen-
states jjji
x
, and it should be most accurate for jjji
x
.
The delity for teleportation of these states is plotted as
a function of j in Fig. 2. The entanglement resource is
the two{mode spin{squeezed state derived from Eq. (6),
with  optimized to maximize F for teleportation.
The rotation V (a; b) only approximately negates the
terms a and b, and there are many other combinations
of rotations that do this. For example, a rotation can
be made about the z axis followed by a rotation about










), or vice versa, or even a













In general, these rotations are equivalent to a rotation
about an axis in the y-z plane (although with slightly
dierent coeÆcients), plus an additional rotation about
the x axis. As there should not be any additional rotation
about the x axis, the most accurate teleportation should
be for V in the above form: a single rotation about an
axis in the y-z plane.
5Nevertheless, this argument does not eliminate the
possibility that more accurate teleportation may be
achieved by using the rotation V with coeÆcients slightly
dierent from a and b, particularly for the larger values
of these two variables. In general, the delity should be
close to the maximum possible if the orientation of the
expectation value of the spin vector for the teleported












for some proportionality constant  and k 2 fx; y; zg.
This preservation of orientation can be achieved by using
a suitable rotation about an axis in the y-z plane. Un-
fortunately this rotation will be dependent on the input
state, which is in general unknown in QT experiments.
To avoid this problem, we determined the rotations for
a jjji
x
input state, and applied these rotations to all in-





i = 0 for the output state if the
input state were jjji
x




























































Here the expectation values implicitly depend on the
measurement results (a; b), so these rotations also depend
on a and b.
For this scheme of nal rotations, the delity increases
as the entanglement resource is less entangled (for a jjji
x
input state). This higher delity does not correspond to
better teleportation, as the delity is worse for states
other than jjji
x
. Therefore, rather than separately de-
termining optimum values of  for the rotations (25),
the same values as were determined previously for the
V (a; b) rotation were used. The rotations (25) give deli-




In general the quality of a teleportation scheme can-
not be judged from the delity of teleportation for just
one state; we must consider the delity as a function of
the input state. A good way of quantifying the quality
of the teleportation scheme is to determine the average
delity over an ensemble of states, as in Eq. (A4). Analo-
gously to Ref. [16] for the continuous case, we will take a
weighted average over coherent spin states, with weight-
ing function





where  is approximately the variance for the distribu-
tion. The state j; i is a coherent spin state rotated an
angle  away from the x axis, that is









These coherent states can alternatively be expressed as









In the limits (13), this becomes






















where j0i is the harmonic oscillator vacuum state and
D(   ) is the displacement operator. Thus we see that
in this limit the coherent spin states are equivalent to




Therefore, the probability distribution (28) is analo-
gous to that used in Ref. [16], with   2=j. It was
found in Ref. [16] that the maximum delity without
entanglement is (1 + )=(2 + ). This means that the









This will be a good approximation for small . Note that
this approaches 1=2 in the limit of large j, which is the
same as the limit for continuous variable teleportation
[16].
The results as determined via numerical integrals, as
well as this limit, are depicted in Fig. 2. These results




. The average delities
are still high, well above 0:9, but do not tend to 1 for
large spin. Instead they tend towards asymptotic values
slightly below 1. Note also that the more sophisticated
scheme of nal rotations (25) again gives higher delity
than the simple case V (a; b). The delity in both of these
cases is well above the limit (32) for spin above about 2.
Similar results are obtained for other values of , with
the average delity decreasing as  is increased.
The explicit variation of the delity for coherent spin
states rotated by angle  from the jjji
x
state (i.e.
j;  = 0i or j;  = =2i) is shown in Fig. 3. As can
be seen, the teleportation is fairly insensitive to rotations




. In contrast the teleportation is more sensitive to
rotations about the z axis, with the delity dropping o
beyond about 20
Æ
. This case is for a spin of j = 20, but
the results are similar for other spins above about 5.
In these gures the delity is also compared with two
cases where no QT is performed. The rst alternative to
QT is the delity in the limit !1. In this limit the en-





state, so we are constructing the nal state based purely
on classical measurement results. In this case the delity
is approximately 50%. The delity of teleportation does


















FIG. 3: Fidelity for teleportation of jjji
x
states rotated about
the y axis (a) and z axis (b) for j = 20. The case for the trans-
formation of Eq. (20) is shown as the continuous black line,
and that using (25) is shown as the dashed line. The green
line is for no entanglement, and the red line is the delity if
the output state is always jjji
x
.
not fall to this level until quite large rotation angles .
Note that this result is similar to the result for continuous
variable QT [16], where the maximumdelity with no en-
tanglement resource is 50%. Another (trivial) alternative
is where the output state is simply jjji
x
, independent of
the input state. In this case the delity is unity for zero
rotation, but quickly falls to very low levels.
A more stringent way of testing the teleportation
scheme is to consider input states with nonclassical fea-
tures. The rst example of these that we will consider is
single-mode spin squeezed input states. More specically,
the states we will consider are the optimal spin squeezed
states as found using a procedure similar to Ref. [11].
The results for the case of spin squeezing in the y direc-
tion are shown in Fig. 4 (the results for squeezing in the
z direction are not shown as they are almost identical).
Again the delity for two cases where there is no telepor-









FIG. 4: Fidelity for teleportation of spin squeezed states with
reduced uctuations in J
y
for j = 20. The case for the trans-
formation of Eq. (20) is shown as the continuous black line,
and that using (25) is shown as the dashed line. The green
line is for no entanglement, and the red line is the delity if
the output state is always jjji
x
.
tation has been given for comparison. For the case where
there is no entanglement, the delity is at or below 50%,
and well below the delity for teleportation. On the other
hand, the delity for the case where the output state is
always jjji
x
closely approximates that for teleportation,
except for very high spin squeezing.
As the delity for the case where the output state is
always jjji
x
is about the same as that for QT, a more
sensitive indication of the quality of the teleportation is
the spin squeezing in the teleported state. That is be-
cause this indicates how much the nonclassical features of
the input state have been preserved in the teleportation





) for spin squeezed states with reduced uc-
tuations in J
k
, k 2 fy; zg. This quantity will be j=2 for
a coherent spin state, and less for a squeezed spin state.
For the output state this quantity was averaged over the
detection results, similar to the delity. The mean value
of V
k
for the teleported state is plotted versus the value
of V
k
for the input in Fig. 5.
In general the degree of squeezing of the teleported
state is less than the degree of squeezing in the original
state. The preservation of squeezing is markedly worse
for low input V
k
; this is because such a squeezed state
is far from jjji
x
. In the case of squeezing in J
z
, Fig. 5
exhibits an enhanced squeezing for input V
k
close to j=2.
This surprising enhancement arises because some of the
squeezing that is inherent in the two{mode squeezed re-
source is transferred into the output state.
Another example of a state with nonclassical features is
a superposition of two coherent spin states. Specically,
the states that will be considered are


























FIG. 5: The mean value of V
k
for the output state as a func-
tion of V
k
for the input state for j = 20. The results for the
transformation of Eq. (20) are shown as continuous lines, and




are shown as the green lines and blue lines respectively.
The continuous black line is that for perfect teleportation.









FIG. 6: Fidelity for teleportation of superpositions of coherent
spin states for j = 20. The case for the transformation of
Eq. (20) is shown as the continuous line, and that using (25)
is shown as the dashed line.
The variation of the delity with  is plotted in Fig. 6.
The delity in this case is very poor, for both types of
nal rotations. Note that the delity is larger for smaller
rotation angle. The case for zero angle is non-physical
(j i = 0) and is not plotted. One unusual aspect of
these results is that the delities for the more compli-
cated rotation (25) are below those for the simple V (a; b)
rotation. In contrast the rotation of Eq. (25) generally
gives better results for coherent spin states.
In order for this teleportation scheme to be accurate
in the limit of large spin, we should expect the delity to








FIG. 7: Fidelity for teleportation of superpositions of coherent
spin states for  = 1
Æ
as a function of j. The case for the
transformation of Eq. (20) is shown as the continuous line,
and that using (25) is shown as the dashed line.
go to 1 as the spin is increased. The dependence of the
delity on the spin (for a rotation angle of 1
Æ
) is shown
in Fig. 7. The delity increases with spin for both types
of nal rotations, but the delity is still well below 1 for
the largest spin it was feasible to perform calculations
for. This low delity demonstrates the fragility of a su-
perposition of coherent states under this QT scheme.
IV. ENTANGLEMENT SWAPPING
One way of demonstrating the quantum nature of tele-
portation is through ES. This is where the state to be
teleported (labeled 3), is entangled with another state,
which we will label 4. Ideal QT should teleport all prop-
erties of the initial state, including entanglement. There-
fore, the nal teleported state should be entangled with
state 4. In the classical case that the nal state is recon-
structed based on measurement of the initial state with
no entanglement resource, there will be no entanglement
between the nal state and state 4. This means that ES
demonstrates that true QT has taken place.
An additional advantage of considering ES over QT is
that it is independent of the nal transformation applied
to the teleported state. This means that it is possible to
consider improved Bell measurements without the com-
plication that the delity is dependent on the exact nal
transformation applied.
Firstly we will consider the ES using the teleportation
scheme considered in the previous section. The entangle-








provides an upper bound for all entanglement measures
and is the unique entanglement for a pure state. Similarly








FIG. 8: Entanglement as a function of j. The entanglement
swapping using the teleportation scheme of Sec. III is shown
as the black line. The coloured lines show results for a max-
imally entangled entanglement resource and three dierent
interactions U : the results for the interaction of Eq. (10) are
shown as the red line, the interaction of Eq. (35) as the blue
line, and the interaction of Eq. (36) as the green line.
to the delity, the entanglement was averaged over each
of the detection results, with weighting according to the
probability for obtaining those results.
The average entanglement using the teleportation
scheme of the previous section on maximally entangled
input states is plotted in Fig. 8. [We do not show addi-
tional results for the rotations of Eq. (25), as the nal
rotations do not aect entanglement.] As can be seen,
there is signicant entanglement, but the states are far
less than maximally entangled. Ideal teleportation would
produce perfect entanglement swapping, resulting in the
nal states being maximally entangled. Nevertheless, the
fact that some entanglement swapping takes place con-
vincingly demonstrates the quantum nature of this tele-
portation scheme.
When we consider entanglement swapping, the values
of  found in the previous section are far from optimum.
The maximal nal entanglement is achieved for  = 0,
i.e. a maximally entangled entanglement resource. The
results for this case are also shown in Fig. 8. As can be
seen, the entanglement is signicantly higher than for the
values of  used in Sec. III.
It is also possible to improve upon the ES produced
by the teleportation scheme of Sec. (III) by considering
a modied Bell measurement. The simplest alternative








where  is an arbitrary constant, rather than 1=j. When
the value of  in Eq. (35) is optimized to maximise the
nal entanglement, the entanglement is as in Fig. 8. The
entanglement is signicantly greater than that for the










FIG. 9: The optimal values of  as a function of j for the
interaction of Eq. (35). The numerical results are shown as
the crosses, and the value of =(j + 1=2) is shown as the
continuous line.
interaction of Eq. (10), but, except for the case of spin
1/2, is not unity.
In the case of spin 1/2 the ES is perfect for  = .
This value of  also produces perfect QT, provided that








. This gives an
alternative method to that of Bennett et al. for achieving
unit delity spin 1/2 teleportation (which is equivalent
to that of Bennett et al. with the appropriate change of
basis).
For j  1=2 the optimal values of  are very close
to =(j + 1=2) (or 2=N ), as shown in Fig. 9. In fact,
for larger spins the optimal values of  are virtually in-
distinguishable from =(j + 1=2). This indicates that
for arbitrary spin we may improve signicantly upon the
entanglement swapping produced by the KP interaction,
simply by changing the value of  from 1=j to =(j+1=2).
Another alternative transformation, which is more gen-




























































































Numerically solving for the optimal 
n
gives the entan-
glements shown in Fig. 8. Here results are shown only
up to spin j = 7=2, as it was not feasible to perform this
numerical maximization for larger spin. As can be seen,
even allowing this far more general transformation only
slightly increases the entanglement.
Unfortunately, although these improved Bell measure-
ments lead to improved ES, they do not necessarily lead
to improved delity of teleportation. The teleportation
theory based on the SU(2)!HW(2) contraction does not
indicate the appropriate nal rotations to perform on the
9teleported states for these Bell measurements. There-
fore, the nal rotations considered were those given by
Eq. (25). These rotations should approximately maxi-
mize the delity for jjji
x
, but it was found that even for
these input states the delity was poor.
V. IDEAL TELEPORTATION
Lastly we will show that it is possible to obtain per-
fect ES and QT by a minor modication to the above
scheme. As is explained in Appendix B, it is possible to













. Here the operators
^
 and n^ are canonically con-




[18] (for k 2 fx; y; zg) in the case of spin.






































for half{odd integer spin. These denitions are equivalent
to those used in Ref. [18], though we are using dierent















This case is slightly dierent from that considered in
Appendix B for half{odd integer spin; however, we still
obtain identical results. To see this, consider the Bell
states given by Eq. (2), and take the rst mode to be J
y
eigenstates, and the second mode to be 
z
phase eigen-
states. That is, for the rst mode
jmi  jj;m  j   1i
y
; (40)
and for the second mode
jmi 
^
jj;m  j   1i
z
: (41)








































In either case the Bell states simplify to














This is the result we obtain using the derivation in Ap-













to Appendix B, we can also obtain teleportation using
the negative sign in the exponential. We can derive this
result from the Bell states in the form







jmijq  m mod N i ; (45)
rather than Eq. (2).
These results mean that it is possible to perform














. This is very similar to the result that was
found in the previous section, that eective entangle-








, followed by spin measurements.
Thus we nd that it is possible to perform perfect tele-
portation (and therefore ES) that is equivalent to that
considered by Bennett et al., by using a slightly dierent
unitary transformation than that considered by KP, and
replacing the spin measurements with phase measure-
ments. The modication to the unitary transformation is
trivial, and is equivalent to applying the interaction for a
longer time. Unfortunately the measurement of phase is
nontrivial, and it is not, in general, possible to perform
these measurements by simple rotations and spin mea-
surements. The only exception to this is the spin 1=2
case, as the phase eigenstates are also spin eigenstates
[9]. This is why it is possible to perform perfect QT and
ES in the spin 1=2 case.
Nevertheless, one of the main applications of this quan-
tum teleportation is the transport of states between
quantum computers based on qudits. One of the require-
ments for construction of such a quantum computer is
that it is possible to perform arbitrary unitary transfor-
mations on a single mode [9]. In that case it is possible
to perform phase measurements, simply by performing a
unitary transformation between the basis of phase states
and the basis of spin states.
It is interesting that the unitary transformation re-
quired for perfect teleportation here is distinct from that
for the approximate KP teleportation, and does not ap-
proach it in the limit of large j. As is shown in Ap-
pendix C, the perfect teleportation considered here is
equivalent to continuous variable teleportation in the
limit of large j. Similarly the teleportation scheme of
Sec. III is equivalent to continuous variable teleportation
in the limit of large j for states close to the maximally
weighted J
x
eigenstate. Nevertheless, these limits are
fundamentally dierent, and it does not appear to be
possible to perform teleportation that is perfect for arbi-
trary input states, but is equivalent to KP teleportation





The KP teleportation scheme provides a physically re-
alizable method of performing teleportation of spin states
that are close to jjji
x
. Even for moderate photon num-
bers, high delity teleportation is achieved for coherent




. The delity F
av
, averaged over a Gaussian
distribution of coherent spin states near jjji
x
, is much
higher than what is possible without an entanglement
resource. The delity may be signicantly increased for
coherent spin states, by using an alternative scheme of
nal rotations.
This teleportation scheme also teleports the nonclas-
sical features of input states. For input spin{squeezed
states, the teleported state also exhibits spin squeezing.
In addition, a superposition of two coherent spin states
may be teleported, and if the input state is entangled
with another state, some of the entanglement will be tele-
ported. The teleportation of these nonclassical features
is generally poorer, however. The delity for teleporta-
tion of a superposition of coherent spin states is poor,
except for very large spin and small separation between
the two coherent states in the superposition. Also, only
about 40% of the entanglement is teleported.
There are improvements that can be made on the ES
given by this teleportation scheme. One improvement
that can be made is to simply use an optimally en-
tangled entanglement resource. Further improved ES
can be obtained by modifying the unitary transforma-














. In the case of spin j = 1=2, this inter-
action also allows perfect QT.
If the Bell measurements are further modied by con-
sidering phase measurements rather than spin measure-
ments, then it is possible to achieve perfect QT and ES.
These Bell measurements are equivalent to those con-
sidered by Bennett et al. under the appropriate change
of basis. Performing phase measurements is non{trivial,
and cannot be done using rotations and spin measure-
ments. Nevertheless, if it is possible to perform the more
general single{mode unitary transformations required for
a quantum computer [9], it should be possible to perform
QT in this way.
APPENDIX A: FIDELITY
In this paper we consider three dierent types of -
delity. The usual denition of delity is [19]
F = h jj i; (A1)
where  is Bob's output density operator which can, in
general, be mixed. Here we consider Bob's output state
j
a;b
i to be a pure state that is dependent on the Bell
measurement results (a; b) for QT. Using the above de-
nition we obtain a delity that is dependent on the input
state j i and the measurement results (a; b)





We generally do not use this expression as we wish to










where P (a; bj ) is the probability of Alice obtaining the
measurement results (a; b). This expression is equivalent
to that considered for schemes without entanglement in
Ref. [20].
The delity given by Eq. (A3) is applicable only for a
specic input state, for which the teleportation is trivial.
In general we wish to consider teleportation of a range of
states. In this case it is more appropriate to determine

















where W (j i) is the weighting function over the set of
states fj ig. We use the dierential d to indicate an in-
tegral over the state coeÆcients with the additional con-
straint that the state is normalized, i.e.
d  Æ(jh j ij   1)d
2N
(hmj i); (A5)
where jmi is a basis state of H
N
as used in Eq. (2). In
this study, we consider a weighted average over coherent




















 is a unit of solid angle and j; i is a coherent
spin state, as in Eq. (29).
APPENDIX B: BELL STATES
We can consider Bell states slightly more general than






















where the variables s
k
, k 2 f1; 2; 3g take the values 1,
and the modulo N has been omitted for brevity. Each of
these states is maximally entangled, and states for dier-














For additional generality we have included the signs s
k
.
We will use the subscripts k = 4 and 5 for modes 2 and 3,
respectively. The states jmi and
f











analogous to the conjugacy relation between position and






where we have taken ~ = 1. By using the inverse relation



































































where the operators n^ and
^
 denote the operators corre-
sponding to the states jni and
f
jni respectively, the su-
perscripts (2) and (3) indicate operators on the rst and
second modes respectively, and the modulo N has been
omitted from the states for brevity.
This demonstrates that perfect teleportation can be

















that the sign in this transformation is arbitrary, and does
not depend on the signs used in transforming between
the conjugate states, as there is the additional sign s
2
.
In more general terms, teleportation is achieved when the
operators in the interaction are conjugate to those that
are measured.
APPENDIX C: LARGE N LIMIT
Considering the Bell states given by Eq. (2), it is clear





modulo N . It is possible to reexpress
the Bell states (2) as











where the modulo N has again been omitted for brevity.
Here we are using the conjugate states as in the previous
section with s
k
= 1, k 2 f4; 5g. From this formof the Bell










Thus we nd that the Bell measurements are equiva-












modulo N . In addition, the entangled state is equiva-













N . This is very similar to the case of teleportation of
continuous variables [6].




























which is equivalent to that for position and momentum,
apart from a multiplying factor. In the limit N ! 1,




go to innity, while the spacing
between the eigenvalues goes to zero, so these variables
are equivalent to continuous position and momentum. In
this limit, it is clear that the teleportation is equivalent
to the teleportation considered in [6].
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